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Abstract. In this paper, we prove the existence of a unique strong solution to a stochastic tamed 
3D Navier-Stokes equation in the whole space as well as in the periodic boundary case. Then, 
we also study the Feller property of solutions, and prove the existence of invariant measures for 
the corresponding Feller semigroup in the case of periodic conditions. Moreover, in the case of 
periodic boundary and degenerated additive noise, using the notion of asymptotic strong Feller 
property proposed by Hairer and Mattingly 031 , we prove the uniqueness of invariant measures 
for the corresponding transition semigroup. 
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1. Introduction 



The classical 3D Navier-Stokes equations (NSE) describe the time evolution of an incom- 
pressible fluid and are given by 

drft) = vAu(f) - (u(f) • V)u(0 + Vp(t) + f(0 

and 

divu(0 = 0, 

where u(t, x) = {u { (t, x), u 2 (t, x), u 3 (t, xj) represents the velocity field, v is the viscosity constant, 
p(t,x) denotes the pressure, and f is an external force field acting on the fluid. In |[T9ll , Leray 
initially constructed a weak solution for the Cauchy problem of NSE in the whole space, since 
then, it is still not known whether there exists a smooth solution existing for all times. In Il27ll . 
we analyzed the following tamed scheme for the classical 3D NSE: 

d t u(0 = vAu(f) - (u(f) • V)u(0 + Vp(t) - g N (\u(t)\ 2 Mt) + f(0, 

where the taming function g N : R + — * R + is smooth and satisfies for some A'eN, 

'g N (r) = 0, if r<N, 

■ g N (r) = (r-N)/v, ifr>N + l, (1.1) 
0<g' N (r)<2/(vAl), r>0. 

Therein, we proved the existence of smooth solutions to this tamed equation when f and the 
initial velocity are smooth. The main feature of this tamed equation is that if there is a bounded 
smooth solution to the classical 3D NSE, then this smooth solution must satisfy our tamed 
equation for some N large enough. Moreover, we can let N — » <x> to obtain the existence of 
suitable weak solutions (cf. E71 ). In this sense, the above tamed scheme can be considered as 
a regularized equation for the classical equation. 

Following the above tamed scheme, in the present paper we shall study the stochastic tamed 
3D NSE. Let us now describe our model equation. Let D := R 3 or T 3 (in the periodic case), 
where T = [0, 1) is the unit circle. Note that any function from T 3 to R 3 can be identified with a 
periodic function from K 3 to R 3 . We consider the following stochastic tamed 3D Navier-Stokes 
equation with v = 1 in D: 

du(f) = [Au(0 - (u(f) • V)u(f) + Vp(t) - g N (\u(t)\ 2 )u(t) + f(t, u(0)]d* 

CO 

+ X [(^(t) ■ V)u(0 + Vp k {t) + h fc (*,u(0)]dWf (1.2) 
subject to the incompressibility condition 

divu(f) = (1.3) 

and the initial condition 

u(0) = u , (1.4) 

where p(t, x) and pt(t, x) are unknown scalar functions, N > and the taming function g N : 
R + R. + as above satisfies (11.11 ), and {Wf;? > 0,k = 1,2, •••} is a sequence of indepen- 
dent one dimensional standard Brownian motions on some complete filtration probability space 
(Q, T , P; CFt)t>o)- The stochastic integral is understood as Ito's integral. The entries of the 
coefficients are given as follows: 

1 + xDxR 3 9 (t, x, u) -> f(t, x, u) 6 R 3 , 

l + xD3 (t, x) -> cr(t, x) e R 3 x I 2 , 

R + x D x R 3 3 (t, x, u) -> h(t, x, u) 6 R 3 x I 2 , 
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where I 2 denotes the Hilbert space consisting of all sequences of square summable real numbers 
with standard norm || • In the following, f, cr and h are always assumed to be measurable 
with respect to all their variables. 

The study of stochastic Navier-Stokes equations (SNSE) began with the work of Bensous- 
san -Temam in fl2]. Using Galerkin's approximation and compactness method, Flandoli and 
Gatarek in IfTOl proved the existence of martingale solutions and stationary solutions for any 
dimensional stochastic Navier-Stokes equations in a bounded domain. In particular, when the 
transition semigroup is well defined, the stationary martingale solutions will yield the existence 
of invariant measures. We remark that their results cannot be used in the case of whole space 
because of the absence of compact Sobolev embeddings. Recently, Mikulevicius and Rozovskii 
in 11241 proved the existence of martingale solutions to SNSE in Mf 1 (d > 2) under less assump- 
tions on the coefficients (without the extra term g N ). To avoid the use of compact Sobolev 
embeddings, they used the approach of mollifying and cutting off the coefficients. In the case 
of two dimension, they also obtained the existence and pathwise uniqueness of //-continuous 
adapted solutions. 

On the other hand, the ergodicity of invariant measures for 2D stochastic Navier-Stokes equa- 
tions has been studied extensively (cf. IfTTl 1221 171 [T51 and reference therein). Especially, Hairer 
and Mattingly [fT51 recently developed two important tools: the asymptotic strong Feller prop- 
erty and an approximative integration by parts formula in the Malliavin calculus, and then used 
them to derive an optimal ergodicity result for 2D SNSE in the sense that the random forces 
only has two modes. As pointed out in [fT5l . the asymptotic strong Feller property is much 
weaker than the usual strong Feller property since many degenerated equations have the former 
property rather than the later one. 

Up to now, to the best of our knowledge, most of the well known results about the stochastic 
Navier-Stokes equations such as the existence of invariant measures and the ergodicity under 
different conditions on the noise are for 2D SNSE. As for the three dimensional case, there 
are only a few results (cf. [|Il[5j[Il|25l[I21|29]|), of course, because of the lack of uniqueness. 
Recently, in 0J [5j |25j|, Da-Prato, Debussche and Odasso proved the existence and ergodicity 
of Markov solutions for 3D SNSE without the taming term g N , which are obtained as limits of 
Galerkin's approximations. Similar results were obtained by Flandoli and Romito in lfT2ll29l for 
all Markov solutions. Moreover, using stochastic cascades, Bakhtin HI explicitly constructed a 
stationary solution of 3D Navier-Stokes system and proved a uniqueness theorem. 

In the present paper, we shall prove the existence of a unique strong solution to our stochastic 
tamed 3D Navier-Stokes equation (11.21) under some assumptions on f , cr and h. Here, the word 
"strong" means "strong" both in the sense of the theory of stochastic differential equations and 
the theory of partial differential equations. Let H m denote the Sobolev space of divergence 
free vector fields (see (12.21) below). Instead of working on the evolution triple H 1 c H° c 
IHT 1 , we shall work on the evolution triple H 2 c H 1 c H°. This will enable us to obtain 
the "strong" solution in the sense of partial differential equations. For the "strong" solution 
in the sense of stochastic differential equations, we shall use the famous Yamada-Watanabe 
theorem: the existence of martingale solutions plus pathwise uniqueness implies the existence 
of a unique strong solution. Different from the method in E4ll . we still use the classical Galerkin 
approximation to prove our existence of strong solutions. To overcome the absence of compact 
Sobolev embeddings, we shall use localization method to prove tightness. We think that it is of 
interest in itself and can be used in other cases. Moreover, as in the deterministic case, we can 
take limits N — » oo to prove the existence of weak solutions for the true stochastic Navier-Stokes 
equations (without taming term). This will be done in a further investigation. 

After obtaining the existence of a unique strong solution to Eq. (11.21) . we turn to the study of 
uniqueness of invariant measures in the case of periodic boundary conditions and degenerated 
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additive noise. As a first step, we need to prove the Feller property and the existence of an 
invariant measure. Then, using the asymptotic strong Feller property and approximative inte- 
gration by parts formula in lfT5l . we can prove the uniqueness of invariant measures. As said 
above, since we shall work in the first order Sobolev space H 1 , all of our discussions will take 
place in H 1 . This requires some delicate analysis and calculations, and the special form of gN 
plays an important role throughout this paper. It should be emphasized that the optimal results 
in [fT51 seem to depend strongly on the structure of 2D Navier-Stokes equations, we can not 
develop a similar non-adapted analysis along their lines to obtain some optimal result for our 
tamed 3D SNSE. 

This paper is organized as follows: in Section 2, we give some preliminaries, that include 
some necessary estimates and a tightness result for later use. In Section 3, we shall prove the 
existence and uniquess result by Galerkin's approximation. In Section 4, we study the Feller 
property of the solutions to Eq. (11.21) and the existence of invariant measures for the Feller 
semigroup in the case of periodic boundary conditions. In Section 5, we study the ergodicity 
of invariant measures. In the Appendix, for the reader's convenience, the martingale characteri- 
zation for weak solutions is proved, two necessary basic estimates are given, and the derivative 
flow equation is proved. 



2. Preliminaries 

2.1. Notations and Assumptions. Let C™(D; R 3 ) denote the set of all smooth functions from 
D to R 3 with compact supports. When D = T 3 , a function / e C~(D;R 3 ) means that it is a 
smooth periodic function from R 3 to R 3 . For p > 1, let L P (D; R 3 ) be the vector valued //-space 
in which the norm is denoted by || • \\ LP . For m 6 N := N U {0}, let H m be the usual Sobolev 
space on D with values in R 3 , i.e., the closure of C™(B; R 3 ) with respect to the norm: 

iiuib» = ( f i(/-Ar /2 ui 2 d* 

Here as usual, (/ - A) m/2 is defined by Fourier transformation. For two separable Hilbert spaces 
K and H, L 2 (K; H) will denote the space of all Hilbert-Schmidt operators from I to H with 
norm || • ||l 2( k ; h)- 

The following Gagliardo-Nirenberg interpolation inequality will be used frequently. It plays 
an essential role in the study of Navier-Stokes equations (cf. [33]). Let q e [1, oo] and m e N. 

1 1 ma 

- = --—, 0<«<1, 
q 2 3 

1Mb < c^iwIS-IMIir. (2.1) 

l m := {u 6 H m : div(u) = 0}. (2.2) 

Then (H m , || • \\ H m) is a separable Hilbert space. We shall denote the norm || • \\ H ,„ in H m by || • || H <». 
We remark that H° is a closed linear subspace of the Hilbert space L 2 (D; R 3 ) = H°. 

Let be the orthogonal projection from L 2 (D; R 3 ) to H° (cf. [[8l|20l). It is well known that 
& commutes with the derivative operators, and that & can be restricted to a bounded linear 
operator from H m to H m . For any u e H° and v e L 2 (B; R 3 ), we have 




then for any u 6 H" 

Set for m e N 



<u,v) H o := <u, ^v) H o = <u,v) L 2. 
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Let *V be defined by 

<V := {u : u e C~(D; R 3 ), div(u) = 0}. 
We have the following density result (cf. fl2"7Tl ). 
Lemma 2.1. *V is dense in H m /or any m e N . 

We now introduce the following assumptions on the coefficients f , a and h: 

(HI) For any T > 0, there exist a constant Cjs > and a function //f(?, x) 6 L l ([0, T] x D) such 
that for any t e [0, T],xeB,ue R 3 and ; = 1, 2, 3 

IMC x, u)| 2 + |f(f, u)| 2 < C T j ■ |u| 2 + H t (t, x), 

\d u m,x,vi)\<c TS . 

(H2) For any T > 0, there exists a constant C (J - j > such that 

sup \\d Xj cr(t,x)\\i2 < C^.t, J = 1,2,3 

te[0,T],xeD 

and 

sup jc)|]f 2 < 1/4. (2.3) 

reR+,xeB 

(H3) For any T > 0, there exist a constant C T ,h > and a function H b (t, x) e L ! ([0, T] x D) 
such that for any t e [0, T],x e D,u g R 3 and y = 1,2,3 

||^h(?, x, u)|| 2 + ||h(f, u)|jf 2 < C T , h • |u| 2 + H h (t, x), 
\\d u jh(t,x,u)\\p < C TM . 

Remark 2.2. The factor | in (12. 3D is related to the viscosity constant v assumed to be 1. That 
is to say, the first order term appearing in diffusion coefficients will be absorbed by the Laplace 
term. Here, the factor | is not optimal (see 11241 ). 

For any u 6 H 2 , define 

A(u) := ^Au - «^((u • V)u) - «^(^(|u| 2 )u), (2.4) 

and for any v e H 2 , we write 

|A(u), v] := <A(u), (/ - A)v) H o = Ai(u, v) + A 2 (u, v) + A 3 (u, v), 

where 

Ai(u,v) := <Au,(/- A)v) H «, 

A 2 (u, v) := -<(u • V)u, (/ - A)v) H o, 

A 3 (u, v) := -<g;v(|u| 2 )u, (/ - A)v) H o. 

Below, for the sake of simplicity, the variable "x" in the coefficients will be dropped. Define 
for k e N 

B k (t, u) := &((o- k (t) • V)u) + &>h h (t, u). (2.5) 

Letting the operator & act on both sides of equation (11.21) . we can and shall consider the 
following equivalent abstract stochastic evolution equation in the sequel: 

du(f) = [A(u(t)) + m(tMt))]dt + zZiMtMWW*, 
u(0) = UoeH 1 . 
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2.2. Estimates on A and B. We now prepare several important estimates for later use. In 
the sequel, we shall use the following convention: The letter C with subscripts will denote a 
constant depending on its subscripts and the coefficients. The letter C without subscripts will 
denote an absolute constant, i.e., its value does not depend on any data. All the constants may 
have different values in different places. 

Lemma 2.3. For any u e H 2 , we have 

||A(u)|| H o <C(l + ||u||i + ||u|| 2 2 ), (2.7) 



<A(u),u) H o = -||Vu|| 2 - || V^dul 2 ) • |u||| 2 2 (2.8) 
<-||Vu|| 2 -||u||^ 4 +C-^||u|| 2 , (2.9) 

[A(u),u] < -^||u|| 2 2 - ^|||u| ■ |Vu||| 2 2 + C • jV||Vu|| 2 + l|u|| 2 . (2.10) 

Proof. Estimate (12.71) is direct from (12.41) and the Sobolev inequality (12.11) . Estimate (12.81) fol- 
lows from 

<(u • V)u, u) H o = 0. 

For inequality (|2.10l) . we have 

Aj(u, u) = -||(/ - A)u|| 2 + <u, (/ - A)u) H o = -||u|| 2 2 + ||Vu|| 2 + ||u|| 2 , 
and by Young's inequality, 



A 2 (u,u) < ^||(7 - A)u|| 2 + i||(u • V)u|| 2 < ^||u|| 2 2 + i|||u| • |Vu||| 2 , 



where 

3 3 

|u| 2 = £ |/| 2 , |Vu| 2 = £ \diu k \ 2 

k=l k,i=l 

Recalling v = 1, from (11.11) . we also have 

A 3 (u,u) = -<V(g w (|u| 2 )u), Vu) H o - <^(|u| 2 )u,u) 



3 

= -V f d iU k ■ di(g N (\u\ 2 )u k )dx - f |u| 2 • ^(|u| 2 )dx 

kj=i Jd Jd 

<-v r ^•(^dui 2 )-^-^(iui 2 )5 i iui 2 -/)dx 

= - f \Vu\ 2 -g N (\u\ 2 )dx-\ f ^(|u| 2 )|V|u| 2 | 2 dx 

Jd ^ Jd 

Jd 



f [Vu| 2 -|u| 2 dx + C-^V||Vu|| 2 . 

Combining the above calculations yields (12. 101 ). □ 

Lemma 2.4. Let v 6 < V, and let the support of\ be contained in O := {x e D, \x\ < m}for some 
m 6 N. Let T > 0. For any u, u' e H 2 and t e [0, T], we have 

|[A(u),v]|<C v -(l + ||u|£ 3(0) ), (2.11) 

\\{B.(t,u),r) w \\l < C yJ ■ (1 + ||H h (0lb(D) + IWI^) (2.12) 

and 

|[A(u) -A(u'),v]| < C v • ||u-u'|b (0) • (1 + Hull 2 , + Hu'll 2 ,). (2.13) 
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Proof. For estimate (12.1 II ), we have 

Ai(u,v) = (u, (/ - A)Av) H o < C||u|| L 2 (0) • ||v|| H 4, 
A 2 (u, v) = <u* • u, V(/ - A)v> H o < C|]u|| 2 • sup |V(/ - A)v(x)|, 

.veD 

where u* denotes the transposition of the row vector u, and 

A 3 (u, v) < \H\\ HO) ■ sup |(7 - A)v(x)|. 

Combining them gives (12.1 ID . 

For estimate (12.121) . by (H2) and (H3), we have 

\\(B.(t, u), v) H , \\ 2 p < C sup \\cr(t, x)\\ 2 p • sup |V(/ - A)v(x)\ 2 ■ ||u||* 

feR+,jc€B *eB 

+ C sup \\V x o-(t, x)t f ■ sup |(/ - A)v<X)| 2 • ||u|| 2 

+ C sup |(7 - A)v«| 2 • (CY, h • ||u|| 2 + ||77 h (0llLi( D )) 

jteO 

<C v , r -(l + ||77 h a)lb ( D) + llu|] 2 2(0) ). 
We now look at (12.131) . For Ay, we clearly have 

|Ai(u, v) -Ai(u',v)| = |<(u - u') • l , (7 - A)Av> H o| < C v • ||u - u'|b (0) . 
For A 2 , we have 

\A 2 (u, v) - A 2 (u', v)| = |<u* u - u* u', V(7 - A)v) H o] 

< C v • ||u - u'|| L 2 (0) • (||u||ho + Hu'Hho). 



For A3, by Sobolev inequality (|2.1I) we similarly have 

|A 3 (u,v) -A 3 (u',v)| < C v • ||u- u'Wlho) ■ (llu|| 2 4 + ||u'|| 2 4 ) 
< C v • ||u - u'|| L 2 (0) • (Hull 2 , + ||u'|| 2 ,). 

□ 

Lemma 2.5. For any T > and u G H 2 , 

l|5a,u)|| 2 2(/2 . H0) < -Hull 2 , + C r ||u|| 2 + ||77 h (0llLHB), (2.14) 

||5a,u)|| 2 2(/2;Hl) < ^||u|| 2 2 + Crllull 2 , + C||77 h (0llL>( D) . (2.15) 
Proof. First of all, by (H2) and (H3), we have 

||7^u)|| 2 , = >', I \B k (t,x,u(x))\ 2 dx< 



l L 2 (/ 2 ;H°) 

<2 f \\o-(t,x)\\l-\Vvi(x)\ 2 &x + 2 f (C TM \u(x)\ 2 + H h (t,x))dx 

Jd Jd 

1 

2 

Secondly, noting that 



< -Hull 2 , +C r ||u|| 2 + ||77 h (0llLi(D)- 



l|7^,u)|| 2 2(/2;Hl) = ||7ia,u)|| 2 2(/2;H0) + ||V5a,u)|| 2 2(/2;H0) 

and 

d xJ B k (t,u) = &d xJ ((cr k (t) ■ V)u) + &>d x jh k (t,u) 

1 



^((d xJ o- k (t) • V)u + (<r k (t) ■ V)d xJ u) 
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+ 

by (H2) and (H3), we have 

||5a,u)||2 2(/2;Hl) < I||u||2 2 +C r ||u||^ + C\\H h (t)\\ L H 



2.3. Tightness Criterion. In the following, we only give a tightness criterion in the case of 
D = K 3 . When D = T 3 , since H 1 is compactly embedded in H°, the corresponding result is 
simple and well known. 

By H? we denote the space of all locally L 2 -integrable and divergence free vector fields 



endowed with the Frechet metric: for u, v e T 



loc 

p(u,v):=y,2 

\x\<m 



m=l 



f |u(x) - \(x)\ 2 dx 

J\x\^rn 



A 1 



Thus, (H° c ,p) is a Polish space and H° c H° c . 

Let X := C(R + ; H^) denote the space of all continuous functions from R + to (H^ c ,p) 
equipped with the metric 



p x (u, v) := V T m I sup p(u(f), v(0) A l) . 

Ve[0,m] / 



In the following, we shall fix a complete orfhonormal basis <§ := {e,t, kN} c *V of H 1 such 
that spanj^ 3 } is a dense subset of H 3 and, in the case of periodic boundary conditions, we also 
require that <§ is an orthogonal basis of H°. Moreover, for u e H° and v 6 H 2 , the inner product 
(u, v) H i is taken in the generalized sense, i.e., 

<u,v) H i = <u,(/- A)v>hp. 

We need the following relative compactness result, which is essentially due to Ladyzhenskaya 
HI Theorem 13]. 

Lemma 2.6. Let K c X. If for every T > 0, 
(1°) sup ueK sup re[0>r] ||u(j)|| h i < +oo, 

(2°) lim^o sup ueJf sup Me[0)r]) | f _,| <(5 \(u(t) - u(s), e) H i | = Ofor any e e S, 
then K is relatively compact in X. 

Proof. We only need to prove that K is relatively compact in C([0, r];H° oc ) for every T > 0. 
Let {u„, n e N} c K be any sequence of K. Define for ee^, 

G e n (t) := (u n (0,e> H i. 

Then, by (1°) and (2°), the sequence {t i-> G e n (t),n e N} is uniformly bounded and equi- 
continuous on [0, T]. Hence, by Ascoli-Arzela's lemma, there exist a subsequence n t (depend- 
ing on e) and a continuous function G e (t) such that G£ (t) uniformly converges to G e (t) on [0, 71. 
Since <§ is countable, by a diagonalization method, we may further find a common subsequence 
(still denoted by n) such that for any e 6 <§ , 

lim sup \G e n (t) - G e (t)\ = 0. 



Thus, by the weak compactness of closed balls in H 1 , there is a u e L°°(0, T; H 1 ) such that for 
any e e S, 

lim sup |<u„(0-u(0,e>Hi| = 0. 

te[0,T] 

By a simple approximation we further have for any veil 1 , 

lim sup |<u„(f) -u(f),v> H i| = 0. 

t€[o,r] 

Note that (/ - A) _1 v e H 2 for any v e H°. Hence, we also have for any v 6 H°, 

lim sup \(u n (t) - u(0, v>hpI = 0. 

n ^°° te[0,T] 

Hence, by Helmholtz-Weyl's decomposition (cf. li32l[T3lO , 

lim sup \(u n (t) - u(0, v)| = (2.16) 



lim sup p(u„0X u(0) = 0. 

n->oo K[Q T] 



for any v e L 2 (R 3 ;R 3 ). 
We now show that 



It suffices to prove that for any m e N, 



lim sup I \u n (t, x) - u(t, x)\ 2 dx = 0, 



which follows from (1°), (12.161) and the following Friedrichs inequality (cf. [18, p. 176]): Let 
O c R 3 be any bounded domain. For any e > 0, there exist N e e N and functions /z, e L 2 (0), i = 
1, • • • ,N e such that for any w e W^ 2 (0), 

J \w(x)\ 2 dx< Yj^J w(x)hi(x)dxj +ej |Vw(jc)| 2 dx 

□ 

Lemma 2.7. Let fi n be a family of probability measures on (X, S(X)). Assume that 
(1°) For each e e <S and any e,T > 0, 

lim sup //J u 6 X : sup |(u(f) - u(s),e) H i| > e) = 0. 

''-I- n s,K[0,T],\s-t\<5 

(2°) For anyT > 

lim sup//Ju e X : sup ||u(5)|| H i > R\ = 0. 

R ^°° n 1 se[0,r] ' 

Then {fi n ,n e N} is tight on (X, S(X)). 

Proof. Fix j] > 0. For any / € N, by (2°) one can choose Ri sufficiently large such that 

sup/Uu e X : sup ||u(s)|| H i > Ri) < 5. (2.17) 

n s€[0,/] ^ 

For fc, / e N and e,- e cf, by (1°) one may choose d^tj > small enough such that 

sup^ju e X : sup \{u(t) - u(s),e;> H i| > j] < — ^-y. (2.18) 



Now let us define 



S M0Ms-tH6 m k> 2 k+i+r 

Ki := P jueX: sup |<u(f) - u(s), e t ) w \ < -j-} 



^ 2 :=^{ueX: sup ||u<»IIh> </?/}. 



By Lemma [2T6l K\ n K 2 is a relatively compact set in X. By (12.171) and (12.181) . we also have 

sup /UniKl U K c 2 ) < 2rj. 

n 

In view of the arbitrariness of 77, {//„, « e N} is tight on (X, S(X)). □ 

3. Existence and Uniqueness of Strong Solutions 

3.1. Weak and Strong Solutions. For a metric space U, we use V (U) to denote the total of 
all probability measures on U. We first introduce the following notion of weak solutions to Eq. 
(1231) . 

Definition 3.1. We say that Eq. &2.6\) has a weak solution with initial law ~& e ^(H 1 ) if there 
exist a stochastic basis (Q, T, P; CF t )t>o), an ^-valued {T t )-adapted process u and an infinite 
sequence of independent standard ^T t )-Brownian motions [W k (t), t > 0,k eN} such that 

(i) u(0) has law & in H 1 ; 

(ii) for almost all co e Q. and every T > 0, u(-, co) e C([0, 71; H 1 ) n L 2 ([0, T]; B 2 ); 
( Hi) it holds that in H° 

Xt 00 w 

[A(u( J )) + ^f(j,n(j))]dj + 2 J o B k (s,u(s))dW k s , 

for all t > 0, P-a.s.. 
This solution is denoted by (Q, T, P\ {T t ) t >o', W; u). 

Remark 3.2. Under (H1)-(H3), by < \2.7\) the above integrals are meaningful. 

Definition 3.3. (Pathwise Uniqueness) We say that the pathwise uniqueness holds for Eq. A2. (51) 

if whenever we are given two weak solutions ofEq. A2.6\) defined on the same probability space 
together with the same Brownian motion 

(Cl,r,P; (r t ) t>0 ;W;u) 
(Q,T,P; (r t ) t>0 ;W;u), 

the condition P{u(0) = u(0)} = 1 implies P{co : u(t, co) = u(t, co), St > 0} = 1. 

We have the following martingale characterization for the weak solution (cf. OTTO . For the 
reader's convenience, a short proof is provided in the Appendix. 

Proposition 3.4. Let £ be given in Subsection 2.3. For® e ^(H 1 ), the following two statements 
are equivalent: 

( i) Eq. ( 12. (51) has a weak solution with initial law 

(ii) There exists a probability measure P & e PiX) such that for P ^-almost all u 6 X and any 
T > 0, 

u G L°°([0, r]; H 1 ) n L 2 ([0, 71; H 2 ), (3.1) 
and for any h 6 C~(R), i.e., any smooth function with compact support, and any e£^, 
M h e (t,u) := /*«u(0,eV) - fc«u(0),e> H 

- f h'((u(s),e) nl )-lA(u(s)),e}ds 
Jo 
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I h'((u(s), e> H i) • <f(s, ufa)), e) H id5 
Jo 



5l"" (<u 



(5),e) H i) • \\(B(s,u(s)),e) M i\\lds 



is a continuous local martingale under P§ with respect to 2? f (X). Here and below, S f (X) 
denotes the sub cr-algebra ofX up to time t. 

In order to introduce the notion of strong solutions to Eq. (12.61) . we need a canonical realiza- 
tion of an infinite sequence of independent standard Brownian motions on a Polish space. 

Let C(R + ; R) denote the space of all continuous functions defined on R + , which is equipped 
with the metric 



p(w,w') = y 2~ k ( sup \w(t) - w'(t)\ A l) . 



Define the product space W := fl C(R+; R), which is endowed with the metric: 

7=1 

CO 

p w (w,w') = y^2~ J (p(w J ,w' J ) A 1), w = (w l ,w 2 , ■ ■ -),w' = (w n ,w' 2 ,- ■ •)■ 

7=1 

Then (W,p w ) is a Polish space. Let S t (W) c S(W) be the cr-algebra up to time t. We endow 
(W, S(W)) with the Wiener measure P such that the coordinate process 

w(t) :=(w\t),w 2 (t),---) 

is an infinite sequence of independent standard S,(W)-Brownian motions on (W, S(W), P). 

Let B := CXR-,.;!! 1 ) denote the space of all continuous functions from R + to H 1 , which is 
endowed with the metric 



p B (u,v) := T k [ sup ||u(0 - v(f)ll H > A l) . 

f-f \te[0,k] I 



k=\ 

In the following, S,(B) denotes the sub cr-algebra of B up to time t. For a measure space 

— A 

(S,S,A),S will denote the completion of S with respect to A. 

Definition 3.5. Let (Q, T , P; (T t ) t >o\ W; u) be a weak solution ofEq. < \2.6\) with initial distribu- 
tion & 6 ^(H 1 ). If there exists a x S(wf X¥ /S(B)-measurable functional F & :H'xWh 
B, with the property that for every t > 0, 



-0XP 



F# 6 £ f /£,(B); B t := SfH 1 ) x S f (W) (3.2) 
and such that 

u(-) = F#(u(0), W(-)), P - a.s., 

we call u together with W a strong solution. 

We shall say that Eq. A2.6\) has a unique strong solution associated with § e ^(H 1 ) if there 
exists afunctional F & : H 1 x W h-» B with the same properties as above such that 

(i) for any infinite sequence of independent standard CF t )-Brownian motions {W(t),t > 0} 
on stochastic basis (Q, T, P; CF t )t>o)> and any ^-valued random variable u 6 Tq with 
distribution 

{Q., T, P; {T t ) t >o; W; F#(u , W(-))) is a weak solution ofEq. {\2.6k 

n 



(ii) for any weak solution (Q, f, P; {T t ) t ^o', W; u) ofEq. (\2.6\) with initial law &, 

o(-) = F*(u(0), W(-)), P - a.s.. 

The following Yamada-Watanabe theorem holds in this case (cf. 11281 ). 

Theorem 3.6. Existence of weak solutions plus pathwise uniqueness implies the existence of a 
unique strong solution. 

3.2. Pathwise Uniqueness. We first prove the following pathwise uniqueness result. 

Theorem 3.7. Under (H1)-(H3), pathwise uniqueness holds for Eq. A2.61) . 

Proof. Let u and u be two weak solutions of Eq. (12.61) defined on the same probability space 
together with the same Brownian motion, and starting from the same initial value u . For any 
T > and R > 0, define the stopping time 

r R := mf{t e [0, T] : \\u(t)\y V ||u(0lb > R). 

By the definition of weak solutions, one knows that r R T oo as R | °°. 
Set 

w(t) := o(0 - u(t). 

Then by Ito's formula, we have 

||w(f)||L = 2 f <A(u(.v))-A(u(.v)).w(.v)> : -:: 1 .d.v 



+ 2 | <f(j,u(*)) -f ($,ti(»), w(s)) H ods 
+ 2 V f (B k (sMs))-B k (s,u(s))Ms))u°dW k s 



= 2 f <A(u( 
Jo 

f <f(j,u( 
Jo 

^ ■ 

oo _J 

+ V \\B k (sMs))-B k (s,u(s))\\ 2 B ods 

=:/ 1 (0 + / 2 (0+/3(0 + /4(0. (3.3) 
By |gjv( r ) _ giv( r OI < k _ ^1 and a simple calculation, it is easy to see that 

h(t) = -2 [ \\Vw(s)\\ 2 n0 ds + 2 f <yw(s),(u\s)-u(s)-fT(s)-Z(s))hpds 
Jo Jo 

-2 f <^(|u(5)| 2 )u(^)-^(|u( S )| 2 )u(^),w(^)) H od S 
Jo 

<- f ||Vw(5)|| 2 d^ + f ||n*(j) • u(s) - u*(s) ■ u(s)|| 2 ds 
Jo Jo 

+ 8 f IHw^l-duWI + lu^DII^. 
Jo 

Noting that by Sobolev inequality (|2.1I) . 

||0* (J) • U(S) - U(S) ■ U(S)\\ 2 U < II|W(J)|(|U(5)| + |fi(*)|)||Ja (3.4) 

< 2||W(^)|| 2 4 (|]U(5)|] 2 4 + |]U(5)|| 2 4 ) 

< 2C\ A ■ |]w(s)|p|w(s)||^(||u(s)||^ + ||U(J)||^), 
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we have by Young's inequality. 



h(t A tr) < - \\Vw( S )\\ 2 u0 ds + C R l|w(j)||^ 2 ||w(5)||^ 2 dj 
Jo Jo 

i rtATR rtATR 

-r IIVw^l^dj + Q ||w(j)||^dj. 
^ Jo Jo 

f 

Jo 



Moreover, it is clear that 

J VAT/; 
Hw(j)||Jpds 
o 

and by (H3), 

rtATR ptAT R 

I 4 (tAT R )< sup \\ait,x)\\p- ||Vw(s)|| 2 ds + C T ||w(s)|| 2 ds. 

tMXxeO Jo Jo 

Taking expectations for (13.31) and combining the above calculations as well as (12.31 ), we find that 
for any t e [0, T], 

J ||w(5)|| 2 d5j < Crj J E||W0 A T R )|| 2 d5. 

By Gronwall's inequality, we get for any t e [0, T], 

E\\w(tAr R )\\ 2 Q0 =0. 

Now the uniqueness follows by letting R T oo and Fatou's lemma. □ 

3.3. Existence of Martingale Solutions. We now prove the existence of a weak solution to 
Eq. (1231) . 

Theorem 3.8. Under (H1)-(H3), for any initial law & e ^(H 1 ), there exists a weak solution for 
Eq. A2.61) in the sense of De finition \3.1\ 

We shall use Galerkin's approximation to prove this theorem. In the following, we fix a sto- 
chastic basis (Q, f, P; (Ft)t>o), an d an infinite sequence of independent standard (!F,)-Brownian 
motions {W k (t), t > 0, k e N}, as well as an ^-measurable random variable u having law 

Recall that $ = {e,-, i e N} c <V is a complete orthonormal basis of H 1 . Set 

H* := span{e,-, i = 1, • • • ,n) 

and for u e H°, 



n ;i u := ^ (u, e ; -) H ie ; - = J] <u, (/ - A)e ! -> H oe i . 



1=1 i=i 

i 



Consider the following finite dimensional stochastic ordinary differential equation in H„ 

du„(0 = [n„A(u„(0) + n n f (t , u„(0)]dr + Zk n n B k (t, u^ww*, 
u„(0) = n„u . 

By Lemmas [231 and [231 we have, for some C, hN > and any u£ij, 

< u ,rLA(u) + n n f(f,u)> H i < Qjvdiuii^ + 1), 

\\H n B(t,xx)\W K < C,^(||u|| 2 , + 1). 
Moreover, by (H1)-(H3) it is easy to see that 

H, 1 , 3uh rLA(u) + ILf (t, u) e H, 1 , 

and 

H]3UHn„^,u)6! 2 xHi 

13 



are locally Lipschitz continuous. Hence, by the theory of SDE (cf. lfT71l26ll ), there is a unique 
continuous (!F f )-adapted process n n (t) satisfying 

n„A(u„0))d* + n„f(s,u lf (s))d5 + Y U n B k (s,u n (s))dW k s (3.5) 
Jo frf Jo 

and for any n > i, 

(u„(0, e,-) H i = (u , e,-> H i + I [A(u B (s)),e,-]ds+ I <f(j,nb(j)),e;>Htds 

Jo Jo 

00 _ f 

+ V (^(5,u„(5)), ei > H id^. (3.6) 

We now prove a series of lemmas. 
Lemma 3.9. For any T > 0, ?/zere ex/sto a positive constant Cj,n > such that for any hsN, 

e(su P \\u n (t)\\ 2 M )+ f E||u„(s)||^ds + f E\\V\u n (s)\ 2 \\ 2 L 2ds < C TM , (3.7) 

Ve[0,T] /Jo Jo 

and also in the periodic case 

f E||u„(j)||J 4 dj < Cr.iv. (3.8) 
Jo 

Proof. By Ito's formula and Lemmas [2.31 and [231 we have 

IMOIItf = IIUoIIhi + 2 f [A(u„(s)),U,,(j)]ds + 2 f <f(5,U„(5)),U„(5)> H id5 

Jo Jo 
+ M(t)+ f ||B(5,u n (*))lli 2(/ 2. Hl) d5 

»-/ 

<I|uoIIhi- f llu„(s)ll^ds - f |||u„(s)| • \Vu n (s)\\\ 2 L2 ds (3.9) 
Jo Jo 

+ C N f \\Vu n (s)\Lds + 2 f \\u n (s)\Lds 



+ 2 \\{(s, U ;1 (5))|| H o • ||u„(5)|| H 2d5 + M(t) 
Jo 

v /l 



+ 



J + C r ||u„(s)||2 , + C||// h (s)|| il(D) )ds, 

where M(0 is a continuous martingale defined by 

M(0:=2V (fi t (i,u„( S )),u»(^)> H ,d^. 

Taking expectations and by Young's inequality, one finds that for any t e [0, T], 



E||u n (0t < E||uo||2 , - I JT E||u„(s)||^ds - f E|||u„(5)| • |Vu„(s)||g 2 ds 

+ C-N f E\\Vu n (s)\\ 2 Q0 ds + C T f E\\u n (s)\\ 2 MQ ds 
Jo Jo 

+ C T J (\\H t ( S )\\ Ll<J}) + \\H h ( S )\\ L i m )ds. 
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Hence, by Gronwall's inequality, we have for any T > 0, 
sup E||u„(0IIhi + 

te[0,T] 



[ E\\u n (s)\\ 2 u2 ds + f E||V|u n (s)| 2 || 2 2 ds < C T , N . 
Jo Jo 



(3.10) 



Here, the constant C t ,n is independent of n, and we have used that |V|u| 2 | < C|u| • |Vu|. 

Furthermore, from (13.91 ) and using Burkholder's inequality, Young's inequality, Lemma [231 
and (|3.10l) . we have for any T > and e > 0, 



sup ||u„(0IIhi I < C t ,n + CI 

te[0J] 



f 

Jo 



\\B(s,u n (s) 



'Z. 2 (/ 2 ;I 



< C t ,n + e • E sup \\B(s, u„(s) 

\te[0,n 



Il 2 (P;H°) 



u n (s)\\ B2 ds 

T 



1/2 



E\\u n (s)\\l 2 ds 



< C T , N , e + e ■ C T E\ sup | MO Hi 

Ve[0,r] 



Choosing e small enough, we get 



SUp ||u„(f)ll H i I < C T ,N- 

re[0,T] 



In the periodic case, since S is also orthogonal in H°, we have by ( 12.91) and (H1)-(H3), 

E||u„(OIIho = E||u || 2 o + 2 f E<A(u„(j)),u n (j)>Hods 

Jo 

+ 2 f E<f(j,u„(5)),u„(5)) H od5+ f Ellflfou^ll^wls 
Jo Jo 



/o 

i2 



(5)ltds 



^ EIIuqIIh! - 2 f E||Vu n (5)||^„d5 - 2 f E||u„ 
Jo Jo 

+ C N [ E||u„(s)|£ods + C r , 
Jo 

which yields (13.81 ) by Gronwall's lemma. □ 

Lemma 3.10. Let fi n be the law of u„ in (X, B(X)). Then the family of probability measures 
{fi n ,ne N} is tight on (X, S(X)). 

Proof Set for R > 

T»:=M{t>0:\\u n (t)\y>R}. 
Then, by (13.71) we have for any T > 0, 



supP(r£ < D = supP sup \\u n (t)\y >R\< 



C 



T.N 



R 2 



(3.11) 



n n \fe[0,7"] 

On the other hand, from (13.61) and using (12.1 II) . Lemma [231 and Burkholder's inequality, we 
have for any q > 2 and s,t e [0, T], ee<f, 

E|<u„(? A 4) - u„(s A T^),e) H i| ? 



< CE 
+ C 



[A(u„(j)),e]dj +CE <f(j,u n (5)),e> H ids 

Jmt£ JsAt^ 

J.SAt" 



(B,(5,u n (^),e> Hl dW* 
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(1 + IK 
\\B(s,u n 

JsA-A 



(s)\\ 3 ml )ds 



+ C e - 



\\f(s,u n 

J SAT?, 



0))|| H ods 



(s))\\ 2 L2i p. m ds 



q/2 



^C e » T -\t-sf 2 . 



By Kolomogorov's criterion (cf. lfT6lO . we get for any T > and < a < 5, 



E SUp \(U n (t A t£) - U„(s A T£), e) H i I ) < C e ,R,T ■ ^. 

\i,fe[0,r],k-i|<<5 



So, for any 6 > and R > 0, 

sup P j sup |<u„(0 - u„(s), e) H i I > 6 

n U,fe[0,r],|f-s|<5 



< sup P \ sup |<u„(f) - u n (s), e> H i I > 6; r£ > r 1 + sup P {t£ < P} 

n U,Je[0,T],|f-s|<<5 J n 

C e ,R,T • £ CVyy 
which then gives that 

lim sup P j sup |<u„(0 - u„(s), e> H i | > e > = 0. 

5 J- n ^i,fe[0,r],|r-s|<5 J 

The tightness of {//„, heN) now follows from (13.1 II) . (13.121) and Lemma [2771 



(3.12) 



In the sequel, without loss of generality, we assume that //„ weakly converges to /i e P(X). 
By Skorohod's embedding theorem (cf. EH), there exist a probability space (Q, T , P) and 
X- valued random variables u" and u such that 

(I) u" has the same law as u" in X for each /ieN; 

(II) u" — » u in X, P-a.e., and u has law fi. 

Moreover, by (13.71) and Fatou's lemma, we have for any T > 0, 



(3.13) 
(3.14) 
(3.15) 



fe[0,r] 



n sup 1111(011;, = E sup \\u(t)\\L < +00, 



fe[0,T] 



r E^iiu( S )ii2 2 d S = r Eiuwii^ds < +00, 

Jo Jo 

r E"iiviuwi 2 ii2 2 d5 = r Eiviuwi 2 !^ < +c« 

Jo Jo 



and also in the periodic case 



f Elu( 
Jo 



(s)\\l 4 ds= Elu(.s)|£ 4 ds < +00. 
Jo 

Let /z e C"(R) and ee<f. Define for any and u e X, 

M e V, u) := l\{t, u) - u) - /*(*, u) - u) - i*(f, u), 

where 

/f(?,u) := fc«u(?),e> H i), 
/^,u):=/z«u(0),e) Hl ), 
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(3.16) 



I%(t,u):= f /!'«u(s),e>H.)-[A(u(s)),e]ds, 
Jo 

ij(f,u):= f /i'«u(s),e> H i)-<f(s,u(s)),e> M ids, 
Jo 

i*(J,u) := ^r«u(5),e> Hl ) • ||<B(5,u( S )),e> Hl |gd5. 

Note that eelcl 7 has compact support, there exists m e N such that 

supp{e} c (9 := {x e R 3 ,\x\ < m}. (3.17) 

Lemma 3.11. We have 

supE p |M e V, u„)| 4/3 + E # |M*(f, u)| 4/3 < +oo. (3.18) 

n 

Proof. It is clear that l\{t, u„) and u„) are bounded by some constant C h . For /?, noting that 
in the whole space case, 

||U|] L 6 < C||VU|| L 2, 

by (I27TTT) and (I3T7T) . we have 

E i5 |[A(u„(5)),e]| 4/3 d S 

o 

C T j*f E p (l+\\n n (s)\\ 4 LHO) )^ 



<C rAe J E p (l + \\u n (s)\\ 4 Ll2(0) )d S 
= C TM f B p (\+\\\u n (.s)\%) ds 

C TAef o B P (l+\\V\u n (s)\%)ds 



^ Cr,h,e,N 



In the periodic case, by (12.111 ) and (13.81) , we have 

E p \I h 3 (t, u„)| 4/3 < C T> , f E ? (l + ||u„(s)|| 4 3(T3) ) ds 

*^ 

<CtmJ E^(l + ||u n (5)|| 4 4(T3) )d 5 

^ Cr,h,e,N- 

For by (12.121) . we similarly have 

E p \I h 5 (t,u n )\ 2 <C TAeiN . 

For it is clear that 

E p \I h 4 (t,u n )\ 2 <C TMtN . 
Moreover, by (I3.13I) - (I3.16I) . we also have 

E p \M h e (t,u)f' 3 < +oo. 

The proof is thus complete. 
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Lemma 3.12. For any t > and e > 0, 

lim P(\M h e (t, u„) - M e V, u)| > e) = 0. (3.19) 

n— >oo 

TTzaf zs, Mg(f, u„) converges to M*(t, u) m probability P as n — » oo. 
Proof. Recalling the definition of X in Subsection 2.2, by (II) we have 

lim I |u„(f, x, o>) - n(t, x, u))\ 2 dx = 0, P - a.a. oj e Cl, 

where O is from (13.171) . Thus, by the dominated convergence theorem, we have 

limE^(*,u„)-/fc,u)| = 0, 

n— >oo 

lim B p \I%(t, n n ) - I h 2 {t, u)| = 0. 

n— >oo 

For/3 , define for any R > 0, 

f n R := inf{f > : ||u„(0ll H > > 
Then, by (I) and (13.71) . for any T > 0, we have 



supP(r£ < D < 



R 2 



Thus, by the dominated convergence theorem and Lemma I2.4[ we have from the proof of 
Lemma [3.1 1[ 

lim P(\I h 3 (t,n n )-I h 3 (t,n)\>e) 

< lim lim P(\l\(t, u„) - l\(t, u)| > e; t£ > t) + lim sup P(f£ < T) 

< lim lim (l { » >(} • |J*(f, u„) - J*(f, u)|) /e 

< limE'l f m^(l {f « >r} • ^«fi„(j),e> H i) • [A(u„(j)),e] 

R— >oo \ n—>ca v K 

- /z'«u(5),e) Hl ) • [A(fi(j)),e]|)djj/e = 0. 
Similarly, we also have 

lim P(|/*(*,u„)-/*(*,u)|>6) = 0, 

n— »oo 

lim P(|/ 5 V,u„)-/ 5 V,u)|>6) = 0. 
Combining the above calculations yields (I3.19I ). □ 
We can now give the proof of Theorem l3.8l 

Proof of Theorem UM Now let t > s and G be any bounded and real valued S s (X)-measurable 
continuous function on X. Then by (13.181 ) and (13.191 ), we have 

E"((Af*(f, u) - M h e (s, u)) • G{n)) = B p ((M*(t, u) - M h e (s, u)) • G(u)) 

= lim E p ((M h e (t, n n ) - M*(s, u„)) • G(u„)) 

= lim E p ((M e V, u n ) - A^(j, u„)) • G(u„)) = 0, 
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where the last step is due to the martingale property of M'^(t,u n ) on (Q, T , P; (T t )t>o) and 
G(u„) 6 T s . This means that {M%(t, u),t > 0} is a S,(X)-martingale. The existence of a weak 
solution to Eq. (12.61) now follows from Proposition l3.4l 

Summarizing Theorems I3.VL 13.81 and I3.6L we have the following main result in the present 
paper. 

Theorem 3.13. Under (Hl)-(H3),/or any Uo e H , there exists a unique u(t, x) such that 
(1°) u 6 L 2 (Cl, P; C([0, T], H 1 )) n L 2 (Q, P; L 2 ([0, T],B. 2 ))for any T > 0, and 



sup UuCOlM + f ElluCtfl&ds < C r (l + ||noll^)iV; (3.20) 

K-|0,7| / Jo 



(2°) it holds that in H°, 
u(0 = u + 



w 00 W 

[A(u(j)) + ^f(j,u(j))ldj+y fl t (j,u(j))dWj, 



/or all t > 0, P-a.s.. 

Proof. We only need to prove estimate (13.201) . By Ito's formula, (12.81) and Lemma 1231 we have 
E||u(0llL = HuoIlL + 2 f E<A(u(5)),u(s)>Hods 



+ 2^ E<f(j,u(j)),u(j)>Hodj + J E||5(5,u(5))||^ (?;H0) d5 

<l|uo|]^o + C-i f E||u(s)|| 2 ,dj + C f E||u(s)|| 2 ds. 
^ Jo Jo 

By Gronwall's inequality, we obtain 

sup E||u(Olleo + f E H u (^)lle' d * < C r (||u ||^ + 1). 

te[0,T] Jo 

Using this estimate, as in the proof of (13.71) . we obtain (13.201) . □ 

4. Feller Properties and Invariant Measures 

In the following, we consider the time homogenous case, i.e., the coefficients f , cr and h are 
independent of t, and assume a stronger assumption than (H3), namely: 

(H3)' There exist a constant Ch > and a function H h (x) e L 1 (D) such that for any ieD,u,ve 
R 3 and j= 1,2,3, 

\\d x Mx,»)\\l + l|h(*,u)||£ < C h • |u| 2 + H h (x), 
\\d xJ h(x, u) - d xJ h(x, v)|| /2 < C h • |u - v|, 

||^h(^;,u)||,2 <C h , 
||d HJ h<X u) - d w h<X y)\\ P < C h • |u - v|. 

For fixed initial value u = v 6 H 1 , we denote the unique solution in Theorem l3.13l by u(t; v). 
Then {u(f; \) : \ eM l ,t > 0} forms a strong Markov process with state space H 1 . We have: 

Lemma 4.1. For v, v' e H 1 and R > 0, define 

Tj:=inf{r>0: ||u(f;v)|| H i > R] 
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and 



T v,v . V a V 



Assume (HI), (H2) anJ (H3)', then 

E\\u(t A r^' ; v) - u(t A tY ; v')]| 2 , < Q s • ||v - v'„ E , . 
Proof. Write u(t) := u(t; v), u(0 := u(?, v') and 

w(t) := u(0 -u(t). 

Set * R := t£ v ' A t. By Ito's formula (cf. (30l|26l), we have 

l|wfe)||^ = 1^(0)11^+2 f R (A(u( S ))-A(u(s))Ms))®ids 

Jo 

+ 2 P (f(s, u(s)) - f(s, u(s)), W(s)) H > ds 
Jo 

+ 2V {B k {sMs))-B k {sMs))Ms))^W\ 
T~t Jo 



+ V ||fl,(s,u(s)) -£,(*, u^l^ds 



=: ||w(0)||hi + h(t R ) + hitg) + I 3 (t R ) + h(t R ). 
By \gN(r) - gN(r')\ < |r - '"'I and Young's inequality, it is easy to see that 



/ife) = -2 | ||w(s)|| 2 ds + 2 I ||w(s)|| 2 ds 



||w(5)||^d5 + 2 

Jo Jo 
<((u 

Jo 



+ 2 <((u(5) • V)u(j) - (fi(.s) • V)fl(j)), (/ - A)w(s)> H ods 
Jo 

-2 f (g N (\u(s)\ 2 )u(s) - g N (\m\ 2 Msl (I - A)w(s)) H ods 
Jo 

<- f R \Ms)\\ 2 M 2ds + 2 f R \\w(s)\\ 2 ul ds 
Jo Jo 

+ C f R \\(w( S )-V)u(s)\\ 2 L2 d S + C f*||(fi(j)-V)w(j)||J a ds 
Jo Jo 



+ C 



r"|||wW|-(|u(5)| 2 + |u(5)| 2 )||^d5. 

Jo 



By Holder's inequality and the Sobolev inequality (12.11) . we further have 

ZifeX- f*||w(s)||^ds + 2 f'llwWI^ds 
Jo Jo 

+ C« r"||w(5)|| 2 M d5 + C ||u(5)||2 6 • ||Vw(5)||2 3 d5 
Jo Jo 

+ C r ||W(S)|| 2 6 • (||U(5)|| 2 6 + ||u(5)|| 2 6 ) 2 d5 

Jo 

||w(^)|| 2 2 d5 + C R \\v/{s)\\ 2 ml ds 
o Jo 

+ C R ||w(j)||^ 2 • ||w(j)||^ 2 d5 + Cj, fllw^lb-llw^lbd^ 
Jo Jo 



—. I|w(s)||^dj + C R llw^ll^dj. 

4 Jo Jo 



By (HI), (H2) and (H3)', we similarly have 



h(t R )<]- f ||w(j)||^dj + C R f ||w(j)||^dj, 
4 Jo Jo 

h(t R )<^f \\w( S )\\ 2 Q2 d s + C R HwC^H^ds. 



So, 



\Mt a t r )\L < \\w(0)\L + c R \Ms)\\Lds 



m 1 

'0 



Jo 

< llv- v'll^ +C R \ ||wO A r R )\^ds. 
Jo 



By Gron wall's inequality, we get the desired estimate. □ 

Let C^XH 1 ) denote the set of all bounded and locally uniformly continuous functions on H 1 . 
Then C l g c (B}) is clearly a Banach space under the sup norm 

H0IU := sup \(p(u)\. 

ueH 1 

For t > 0, we define the semigroup T, associated with [u(t; v) : v 6 H 1 , t > 0} by 

T,0(v) := E(0(u(f; v))), 6 Cf (H 1 ). 

We have: 



Theorem 4.2. t/nder (HI), (H2) and (H3)', /or every f > 0, T, maps ^(H 1 ) into C' oc (U l ). 



That is, (T t )t>o is a Feller semigroup on C[ oc (H'). 



'b ^ > 

Proof. Let e C.'^H 1 ) be given. We want to prove that for any ? > and m e 



lim sup |1>(v) - 1>(v')| = 0, (4.1) 

5 ^°v,v'eB m ,||v-v'|| Hl <d 



where B ffl := jv e H 1 : l|v|| H i < m) denotes the ball in H 1 . 
For any v, v' 6 B m and R > m, as in Lemma I4TT1 define 

t\ :={t>0: \\u(t;v)\y > R} 

and 

v,v' v . v' 

T R .= T R A T R . 

By (1X201) . we have 



E|0(u(f; v)) - 0(u(f A ; v))| < 2||0|L • />(r£ v < f) < 2||0|L • sup E sup ||u(s; v)|& /R' 

veB„, \s€[0,t] I 

< 2H0IU • C t ^ N /R 2 . 

For any e > 0, choose R > m sufficiently large such that for any v, v' 6 B m 

E\<f>(u(t; v)) - 0(u(f A t v / ; v))| < e, (4.2) 

E|0(u(f; v')) - 0(u(f A T y /;V))\ < e. (4.3) 

For this R, since is uniformly continuous on Br, one may choose 77 > such that for any 
u, u' 6 B R with ||u - u'Hhi < J] 

10(H) - 0(U')| < 6- 
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Thus, for any v, v' 6 B,„ with ||v - v'|| H i < —^R — ? by Lemma |4~T1 we have 



E|0(u(? A t^' v ; v)) — 4>{w{t A r^' v ; v'))| 

< e + 2C r P(\\u(t A t v /; v) - u(r A r y /;V)\y > 77) < 2e. (4.4) 

Combining (1431) (H3T) and (l4~4l) . we get (I4~TT) . □ 

In the periodic case, we have the following existence of invariant measures associated to 

Theorem 4.3. Under (HI), (H2) and (H3)', in the periodic case, there is an invariant measure 
/u 6 ^(H 1 ) associated to the semigroup (T t )t>o such that for any t > and <p e C'£ C (H. 1 ), 



r f 0(uKdu)= f 0(u)^(du). 

Jh 1 



Proof. In the following, we assume that Uo = 0. Using Ito's formula, we have by (12.91) and 

dUl), 



E|| 



u(OIIho = 2 E<A(u(s)), u(5)) H od5 + 2 JT E<f(u(s)), u(5)) H od5 + JT E||fi(u(5))||^ (/2;H0) d^ 

< _1 JT E||u(j)|£ ,dj - 2 E||u(j)||J 4 ds + C h , f , w f E\\u(s)\\ 2 u0 ds + C hS ■ t. 
In the periodic case, noting that for any e > 



|u|| 2 < C||u|| 2 L4 < e||< 4 + C e , 



we further have 



bSM 



E||u(OIIho <~lf M»(s)\\ 2 Ql ds - ^ E\\u(s)\\ 4 L4 ds + c h 
Hence, for any t > 

E||u(0l&+ f E||u(j)|£ I dj + f E||u(j)||i 4 dj<C w ^.f. (4.5) 
Jo Jo 

On the other hand, by Ito's formula again and (12.101) . (12.151) . as above we have 
EUuCOII*, = 2 J E[A(u(s)), u(s)}ds + 2^ E<f(u(s)), u(s)> H .ds + E||fi(u(5))||^ (;2 . Hl) d5 

<-7 f E||u(s)||Lds + C h , f ,A, • f E||u(s)||Lds + C h , fJV -f 



4 



<~ f E||u(j)||^dj + C h ,f,yv • t. 
4 Jo 

Therefore, for any t > 



1 r f 

- E||u(s)|| 2 2 ds < C h , tN . 
t Jo 



In the periodic case, since H 2 is compactly embedded into H 1 , the existence of an invariant 
measure fi now follows from the classical Krylov-Bogoliubov method (cf. 0). □ 
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5. Ergodicity: Uniqueness of Invariant Measures 

In the following, we shall work in the case of D = T 3 , and suppose that for f e H°, the mean 
value of / on T 3 vanishes, i.e., 

I f(x)dx = 0. 

In this case, we assume that the orthonormal basis $ of H 1 consists of the eigenvectors of 
i.e, 

^Ae ( - = -Xfit, <e ; -,e,) H i = 1, i = 1,2, • • • , 
where < A\ < • • • < A n T oo. Recalling that the following Poincare inequality holds: 

Hull^o < lMillVulfto, (5.1) 

two equivalent norms in H 1 and H 2 are given by 

||u|| H i := I|Vu||ho, HuIIhp := ||Au|| H o. 

We shall use these two norms in what follows. 

For m e N, let Q := C (R+;R m ) denote the space of all continuous functions with initial 
values 0, P the standard Wiener measure on T := S(C (R+; R'")). Then, the coordinate process 

W t (co) := (o(t), ojeQ, 

is a standard Wiener process on (Q., f, P). 

Consider the following stochastic tamed 3D Navier-Stokes equation: 

du(0 = A(u(t))dt + dw(0, 

u(0) = UoeH 1 , p - ] 

where w(t) := QW t is the noise, and the linear map Q : R m — » H 1 is given by 

Qe, = q&u qt>0, i = 1, • • • ,m. 

Here, {e,-, i = 1, • • • , m} is the canonical basis of R m . 
Set 

m m 

So--= 2_jqf/Ai, 6i:=2]^. 

i=\ i=l 

Then the quadratic variation of w(t) in H° and H 1 are given respectively by 

[w.] H o(0 = Got, [w.] H i(0 = &it. 

We remark that fi < fii/Ai. 

Our main result in this section is the following: 

Theorem 5.1. Let (T,) f> o be the transition semigroup associated with d5.2l) . For any sufficiently 
large m t = m t (&i,Ai,N) 6 N, there exists a unique invariant probability measure associated 
with (T,)f>o. 

We shall divide the proof into two parts. In the first part, we shall prove the asymptotic 
strong Feller property of (T t ) t> o (cf. lfT51 Proposition 3.12]). In the second part, we shall prove 
a support property of the invariant measure, namely that the origin is contained in the support 
of each invariant measure (cf. 10). By lfT5l Proposition 3.12 and Corollary 3.17], these two 
parts will imply Theorem l5.ll 

23 



5.1. Asymptotic Strong Feller Property. Let u(t, to; u ) be the unique solution of Eq. (I5.2I ). 

For < s < t, let $ s t denote the derivative flow of u(t, to; Uo) between s and t with respect to 
the initial values u , i.e., for every v 6 H 1 , J' s ^,\o e H 1 satisfies 

d,J s , t \o = AJ^v + 7C(u(f, to; u ), J^v ), J s , s Vo = v , (5.3) 

where "K is linear with respect to the second component and given by 

7C(u, v) := -^((v • V)u + (u • V)v) - ^(^(|u| 2 )v + 2^(|u| 2 )<u, v) R3 u). 

In the Appendix, we shall prove that for each to 

(Jb,fV )(w) = lim inH 1 . (5.4) 

Let us now consider the Malliavin derivative of u(f, to; u ) with respect to to. Let Jif be the 
Cameron-Martin space, i.e., all absolutely continuous functions from R + to W" with locally 
square integrable derivative. For any v 6 Jrff, the Malliavin derivative is defined by 

n v,- x r n(t,to + ev;u Q )-u(t, to; u () ) 

D u(t, to;uo) : = lim , P-a.s.. (5.5) 

Notice that v can be random and possibly nonadapted to the filtration generated by W. For the 
sake of simplicity, we write Jl t v := D v u(t, to; u ). Then 

d t Jl t v = AJl,v + < K{\x{t, co; u ), M t v) + Qv(t), Jl v = 0, (5.6) 

where v(t) is the derivative of v(i) with respect to t. 

By the formula of variation of constants, it is easy to see that 

W t v= f J s , t Qv(s)ds. 
Jo 

Moreover, for any v e H 1 and v e Jif , set 

y(t) := Jo,jV -^v. 

Then 

d,v(0 = Av(0 + <K(u(t), v(0) - Qv(0, v(0) = v . (5.7) 



As done in |T5J, our main aim is to construct a suitable v such that \(t) exponentially decays 
to zero in some sense as t — » oo. We first introduce some necessary notations and prove some 
preparing lemmas. 

Let ¥L\ denote the following finite dimensional subspace of H 1 (called low mode space) 

Hj := spanjei,--- ,e m }. 
Then we have the following direct sum decomposition: 



and for any u G 



The co-dimensional space Hi is also called high mode space. For any v e H°, we define 



nfV:=^<(-A)e^v>Hoe;eH] 



1=1 



and 



U n \ := v - U e \ 6 H°. 
In what follows, we shall always write \ e := IL;V and := IL.V. 
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The following lemma is immediate. 
Lemma 5.2. For any u € H 2 

||An s u|| 2 > 4„||VII»u|£o. 
We also need the following lemma. Recall that ||u|| H 2 = ||Au|| H o. 
Lemma 5.3. For any u, v e H 2 , set 

Mu):=||u|| 2 2 + |||u|-|Vu||| 2 2 . (5.8) 

Then 



1 

2 

and 



(v,,7C(u, v)> H . < -||Av r ,|| 2 + C N ■ N(u) ■ (llv.H 2 , + INI 2 ,) 



lin.-TC^v)!! 2 , <c m ||v|| 2 -(i + ||u|t), 

where the constant C N (resp. C m ) only depends on N (resp. m). 
Proof. For the first, we write 

(v n , 7C(u, v)V = h+h + h+h, 

where 



h 

h 
h 
h 



= -<v,,^((v-V)u)V, 

= -(y n , ^((u-V)v)) h i, 

= -<v,,^(^(|u| 2 )v)) Hl , 

= -2(\ n , ^(^(|u| 2 )<u,v) M3 u)) Hl . 



For I\, by Young's inequality and the Sobolev inequality (12.11) we have 

h < ^IIAv s || 2 + 2]|]v| • |Vu||| 2 2 < i||Av rj || 2 + 2||v|| 2 6 • ||Vu|| 2 3 < 

< i||Av r ,|| 2 + C||v fi || 2 , • ||u|| 2 2 + C||v f || 2 , • ||u|| 2 2 . 



8 

For I 2 , we have 



1 , , i 

8 
1 

For I 3 , we have 



I 2 < -||Av rj || 2 + 2|||Vv| • |u||| 2 2 < -||Av rj || 2 + 2||v|| 2 , • ||u|| 2 „ < 
< -||Av r ,|| 2 o + C||v r ,|| 2 , • ||u|| 2 2 + C||vHI^ • l|u||^. 



h = -<Vv s ,^(|u| 2 )Vv)) H o - <Vv fi ,^(lu| 2 )V|u| 2 v)) H o 
< llulli- • |||Vv»| • |Vv||| L . + ||Vv fl || t 6 • ||v|| L 3 • ||V|u| 2 || L2 



< C||u|| 2 2 • (Hvftll^ + Hv.ll 2 ,) + -||v r) || 2 2 + C||v|| 2 , • |||u| • |Vu||| 2 2 . 



1 

S C||u||^2 • (IIVflH^ + llvdlni) + 
For I 4 , noting that 

l^(r)| < C ■ 1 

we similarly have 

h < C||u|| 2 2 • (||v fi || 2 , + ||v f |&) + ^||v s || 2 2 + C^IMI 2 , • |||u| • |Vu||| 2 2 . 
Combining the above calculations, we obtain the first estimate. 
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As for the second one, we may write 

2 

m m ( 4 \ 

\WK{vl, v)|& = Yj < e - y )>tf = Z Z ^ ' 

1=1 i=l V;'=l / 

where 

7 n :=-< ei ,^((vV)u)> H i, 
7/2 :=-<e,-, ^((u- V)v)) Hl , 
7 ;3 := -<e,, ^fev(|u| 2 )v)V, 
7- 4 :=-2<e ; -, ^(^(|u| 2 )(u-v)u)) Hl . 

For 7,i, we have 

Jn = <Ae,-,(v • V)u)) H o = -<VAe,-, v ® u) H « < l|VAej|| L »|||v| • u|| L i < C e ,||v||e ||u|| Ho . 
Similarly, we have 

7-2 < C e ,||v|]H |]u|] Ho , 
7/3 < Ce,||v|| Ho ||u||^4, 
7-4 < C e ,||v|| Ho ||u|| 2 4 . 

Summarizing the above calculations and by the Sobolev embedding theorem, we obtain the 
second estimate. □ 

We now prove the following crucial estimate about the solution u(t). 

Lemma 5.4. (i) For any r\ > 0, there exist constants C v , Cg u ^ u n, v > such that for any t > 
and u e H 1 

Eexpj/7 J N(u(s;uo))ds^ < explCHuoll^ + C auAuN j\, 

where N(u) is defined by ( 15.81) . 

(ii) There exist constants Cn, Cb u Ai^ > such that for any t > and Uo 6 Hi 

B||u(f; uo)IIhi < HuoIIhi(Cjv ■ t + l)e~ t/2 + C £lJuN . 
Proof. By Ito's formula, we have 

d||u(0l&. = 2<u(0, A(u(t)))#dt + 2<u(0, dw(0W + &odt. (5.9) 
By (12.91 ) and Young's inequality, we know 

<u(0,A(u(0)>hp < -||Vu(OIIho - llu(0lt + N\\n(t)\\ 2 u0 

< -HuCOIIh! - ^l|u(0lfc + Y' (5 - 10) 
Using Lemma l6\2l in the Appendix, we get for any t, r\ > 

Eexp lluOOfccbj < explT/Huoll'o + C^t). (5.11) 

Again, by Ito's formula and (12.101) , we have 

d||u(0llj, = 2[u(0,A(u(0)]d? + 2<u(0,dw(0V +£id? 

< (-N(u(t)) + C N \W)\\^)to + 2<u(r), dw(f)> H . + 6idf. (5.12) 

As in the proof of Lemma [6\2l in the Appendix, using (15.1 II) and exponential martingales, we 
then get the first estimate. 
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On the other hand, from (15.91) and (15.101 ), we have 

d\\u(t)\\ 2 BQ < -^Mmlodt + 2<u(0, dw(0>H0 + (So + N 2 + l -)dt. 
It is direct by Gronwall's inequality that 

E||u(*; Oo)||Ja < WnWl.e-' 12 + 2(£ + N 2 + 1). 

Thus, thanks to 

Hu(0IIh> < l|u(0lbllu(0llH0, (5.13) 

we obtain 

d(.e t/2 \\u(t)\\ 2 Bl ) = e f/2 (2[u(0,A(u(0)] +£i + ^\\n(t)\\ 2 Bl )dt + 2e t/2 (u(t), dw(0> H > 

< e f/2 (-||u(0ll 2 2 + C w ||u(0ll 2 1 +£ 1 )d; + 2e' /2 <u(0,dw(0V 

< e" 2 (C N \\u(t)\\ 2 m0 + 6i)d/ + 2e ;/2 <u(0, dw(0V . 

Therefore, 



?' /2 E||ua; u )]| 2 , < Huoll 2 , +C N f e sl Mxx(s; u )|| 2 d^ + 26,e" 2 

Jo 



< IIuoIIh. + ^ f (||uo|| 2 o + 2 e ' v/2 (£ +^ 2 + l))d^ + 2fi ie ' /2 
Jo 



V/(0 := 



< Huoll 2 , + C^lluoll^o? + e ,/2 (C^(6o + Af 2 + 1) + 2fi0, 
which then gives the second estimate. □ 

Based on the previous discussions and lemmas, we can now prove the following proposition, 
which will imply the asymptotic strong Feller property of (T f ) (>0 according to Q~5l Proposition 
3.12]. 

Proposition 5.5. Let (T t ) t>0 be the semigroup associated with ( 15.21) . There exist a constant 
m, := m t (&i,N) e N and constants Cq,C\,j > such that for any t > 0, Uq £ H 1 , and any 
Frechet differentiate function <p on H 1 with \\<p\\oo, W(f\\oo < +oo, 

||VT^(uo)|| H i < Co • expldHuoll 2 ,} • (IMU + e^HV^U). 

Proof. For any v 6 H 1 with ||vo||h' = 1, define 

v w -(l -r/(2||v w || H .)), t e [0,2\\voe\y] 

0, t 6 (2||v 0f || H i,oo). 

Let v%(t) solve the following linear evolution equation: 

d t \ n (t) = An h \ h (t) + U n 7C(u(t), \ n (t) + \ € (t)), v»(0) = \ n- 

Set 

y(t) :=YtQ) + Mt) 

and 

m ■= Q~ l [ 0M i & + avko + iwuco, v(o) . 

\ 2||v f || H i / 
Then v(f) e is a continuous adapted process. From the construction, one finds that \(t) 
together with v(t) solves the equation (15.71) . 
Thus, we have 

(VTXuo), VoV = E<(V^)(u(?;u )), Jo, f Vo> H i 

= E<(Vy>)(u(f ; u )), M t v(t)) m i + E<(V^)(u(f; u )), v(0> H > 
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= B(D v (cp(u(t; u )))) + E<(V</>)(u(f; u )), v(0> H > 

= E (tp(u(t; u )) • JT v(5)dW s J + E<(V^)(u(?; u )), v(0) H > 

< IMU |jT E|v(^)| 2 d^ + ||V^|UE||v(OII H i, (5.14) 
where the last equality is due to the integration by parts formula in the Malliavin calculus (cf. 

Ell). 

By the chain rule and Lemmas [5.31 and l5~2l we have 

d t \\yn(t)\\ 2 Bl = -2||An s v s (0llff +2<v^(0,n^(u(0,v(0)>Hi 

< -||AH*v*C0ll^9 + C N ■ N(u(t)) ■ (\Wn(t)\\ 2 Bl + IIvKOIIh.) 

< {-X m + C N ■ N(u(t))) • ||Vfc(0t + C N ■ N(u(t)) • HvKOIIh!- 
Noting that v(t) = for t > 2, by Gronwall's inequality we get 

INCOIIhi < l|v s (0)||^exp j-zU + C^ A/(u(s))ds 



+ exp j-A m (? - 2) + C N JT //(u(j))dj| JT ||v/(j)||^dj. 



By (i) of Lemma I5.4[ since /l m T oo as m — > oo, there exist constants y > and m, 
m»(fii, Ai, AT) e N such that for all t > 0, 



4 ^ n _ ^Cjvlluoll^-r' 



B||v»(0IIhi < C GiM,n ■ e 



Hence, for any t > 2, 

E||v(OII H . ^Cg^-^'K^. (5.15) 
On the other hand, by Lemma [531 we have 

E|v(0l 2 < C w (l +E(||v(OIIho(1 + llu(OllJi))) 

< C m (l + (E||va)ll^o) 1/2 (l + E||u(0ll^) 1/2 ) • (5.16) 
Using Ito's formula and (12.81) . as in the proof of Theorem l4~3l we have 

E||u(0lg < C||uo|g(l + t), 
and also by (12.101) . Ilullj^ < ||u||ho||u|| H 2 and Young's inequality, 

E||u(r)lg < Huolg - f llu^ll^llu^ll^ds + C^E f \\a(s)\&ds + Ct 

Jo Jo 

<||uolg-|E f llu^lgr^llu^Hjpd^ + C^E f ||n(j)||^ 1) ||u(j)lltf.d J + a 



+ r 2 ). 



<||u |g+C A ,E f ||u(5)|| 2 > + a<C||u () || 2/ ;(l 
Jo 

Thus, integrating both sides of (15.161) and using (15.151) . we obtain 

E|v(?)l 2 df < C nt6M7 • e Cwl|u <> 11 + J o e*{\ + t)dt\ < C m ^ lMMy ■ e CNlM ^ . (5.17) 
The proof is thus completed by combining (I5.14I) - (I5.17I) . □ 
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5.2. A Support Property of Invariant Measures. 

Proposition 5.6. The point belongs to the support of any invariant measure of(T t ) t>0 . 

For the proof we need the following lemma, whose proof in turn is inspired by 1161 . 
Lemma 5.7. For any r\,r 2 > 0, there exists T > such that 

inf P{co: ||u(r,w;uo)||H> < r 2 } > 0. 

lluoll H i<n 

Proof. Set 

v(?) := u(0- w(f). 

Then 

V(t) = A(y(t) + w(0), v(0) = uo. 
Let T > and e 6 (0, 1), to be determined below. We assume that 

sup ||w(0IIh« < e. (5.18) 

te[0,T] 

First of all, by the chain rule, we have 

d , 

^IIv(OIIho = Ji + h + J3 + J4, 



where 

J, : = -2||Vv(OIIho + 2<Aw(0,v(0>ho, 

:= -2<v(0, ((v(r) + w(0) • V)(v(r) + w(0)>ho, 
:= -2<v(?) + w(t),g N (\\(t) + w(f)l 2 )(v(0 + w(0)>ho, 
:= 2(yv(t),g N (\\(t) + w(0l 2 )(v(0 + w(0)>ho. 



h 
h 



For J\ , by (15.181) we have 



J: <-2||Vv(0llL + Ce||v(0llH°. 



Here and below, C denotes an absolute constant. 

For J 2 , by the Sobolev inequality (12.11 ) and (15.181 ) we have 

h = -2<w(0, ((v(r) + w(0) • V)(v(0 + w(0)) e o 

<2\\Vw(t)\\ L ~\W(t) + w(t)\\ 2 B0 

< Ce • IKOHho + Ce. 

For 7 3 , we obviously have 

7 3 < 0. 

For 7 4 , by (12.11) and Young's inequality we have 

J A < 2||w(0lk» • IKO + w(0l£ 3 < Ce • iKOIlia + Ce 4 < 
^Ce-UVvWII^IIvWII^ + Ce 4 
<\\Vv(t)\\ 2 m0 + Ce A -\\v(t)\f ma + Ce\ 

Combing the above calculations gives that 

^IKOIIho < -IIVvCOII^o + Ce ■ ||v(0fc + Ce 

< — ^-||v(OIIho + Ce ■ ||v(0t + Ce, 
where the second step is due to the Poincare inequality (15.11) . 
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Note that ||v(/)ll^ depends on e through (I5.18I ). By Lemma I6TT1 in the Appendix, for any 
6, h > 0, we may choose a T > sufficiently large and an e small enough such that 

(5.19) 



and 



sup ||v(OII H o < 2ri 
te[0,r ] 



sup ||v(0IIhp < 8. 

te[T ,T +h] 



(5.20) 



Let us now turn to the estimate of the first order Sobolev norm of v(t). By the chain rule 
again, we have 



where 



^||v(0t = 2[v(0, A(v(?) + w(0)l =h+I 2 + h + h, 



h 
h 
h 
h 



= 2[[v(0 + w(0,A(v(0 + w( 
= -2<A 2 w(0,v(0 + w(0> H o, 
= 2<Aw(f), {(y{t) + w(0) • V)(v(0 + w(0)V, 
= 2<Aw(0,giv(|v(0 + w(f)| 2 )(v(0 + w(0)>ho. 



For h , by (l2TT0b and (15131) we have 

/i < -||v(r) + woolly + CvIKO + w(0IIhi 

<~Hv(Ollff+4iVlKOI&+C 2V e 

<-^l|v(f)lltf +C iV ||v(0ll^, + C^e. 

Here and below, denotes a constant only depending on iV. 
For 7 2 , we have 

h <Ce + Ce\\v(t)\y. 

For 7 3 , we have 



For I 4 , we have 



h < 2||VAw(0lk-IK0 + w(0t < Ce + Ce||v(0l& 



7 4 < Ce + C6\\v(t)\\ 3 L3 < |||v(0IIh 2 + Ce + Ce||v(f)|£ . 



Combing the above calculations gives that 

^IKOIIhi < -^IKOIIff + C N ■ IKOIIho + Ce ■ ||v(f)|& + Ce 

< -C ||v(0IIhi + Cv • I|v(OIIho + Ce||v(f)fe + Ce. 
By Gronwall's inequality, for any < t\ < t 2 we have 

llvfe)!^ < e-^-^lWmli + M C " ■ SU P MO\\ 2 B o + Ce- sup HvCOlfio + Ce). 

<-0 fe[n,f2] ...... 

Firstly, letting t\ = and f 2 = To and by (15.191) , we find 

|v(r )||2 , < r\ + ^(C N ■ sup \\\(t)\\^ + Ce ■ sup ||v(0lL + Ce) < C^C/f + 1). 

C) ;: [0,7b] 
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fe[0,r ] 



te[0,r ] 



Secondly, letting t\ = T and t 2 = T + h yields 
Hv(r + h)\\ 2 Rl < e~ Coh C N ,cM + 1) + 7t(Cn ■ sup ||v(Olleo + Ce ■ sup ||v(0lfc + Ce), 

which together with (15.201) implies that for some T large enough and e > small enough 

||v(r)|| Hl < r 2 /2. 

Therefore, there exist T sufficiently large and e small enough such that for any HuoIIh 1 ^ r i 

||u(r,w;uo)|| H i < r 2 . 

That is, if we set 



Q £ := \ <x> : sup \\w(t, u))\\ Q6 < e\ , 
te[0,T] ) 

then 

Q. e c n|| U0 n Hl<ri {w : ||u(r,w;uo)||H' < r 2 ). 

The desired estimate now follows from the fact that Q. £ is an open subset of Q and P(£l e ) > 
0. □ 



Proof of Proposition 15. 61 For r > 0, let B r := {u 6 H 1 : ||u || H i < r] be the ball in H 1 . For 
each invariant measure //, we can choose some r\ > such that 

MB ri )> 1/2. 

By Lemma [5771 we further have for any r 2 > and some ? > 

/u(B r2 )= f (T,1 B )(u Kduo) > f (T,1 B )(u )Mduo)>MB n )- inf (T f l B )(u ) > 0, 

Jtf " JB r] u ° eI S 

which means that belongs to the support of [i. 

Proof of Theorem [3771 The assertion follows from Propositions l5.5l and l5.6l due to Q~51 Propo- 
sition 3.12, Corollary 3.17]. 

6. Appendix 

6.1. Proof of Proposition 13.41 In this subsection, we prove the martingale characterization of 
weak solutions. 

First of all, (i)=>(ii) is direct by Ito's formula. Let us prove (ii)=>(i). Define for e e S (see 
Subsection 2.3 for the notation S ) 

M e (?,u):=<u(0-u(0),e) Hl - f |A(u(j)),e]ds- f <f(s,u(j)),e> H .dj. 

Jo Jo 

Using (ii) and by simple approximations as in OTTl . one knows that {M e (t, u), t > 0} is a con- 
tinuous local martingale under P$ with respect to !B t (X), and its quadratic variation process is 
given by 

[M e ](*,u) = j \\(B(s,vi(s)),e) B i\\lds. 

Set 

CO 

Ma,u):=£M e ,(f,u)e ; , (6.1) 

7=1 
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Then t h-> M(t, u) is an H 1 -valued continuous local martingale under P$ with respect to S,(K). 
Indeed, for any R > 0, define the stopping time 



r s (u) := inf |f > : ||B(j,n(j))||^ (P;Hl) ds > Rj . 

Then by CO) and (12T51) we have 

tr(u) T 00 , A? - u, as i? — > 00. 

Set 

n 

M*-'U u) := ^ M ej (? A r R , u)e ; -. 
7=1 

It is clear that M R - n (t, u) is an H 1 -valued continuous martingale with 

n 

« M R '" » H i (t, u) = ^[M e „ M^K? A t r , u) ■ e, ® e ; - 

((5(5, uO)), e 7 -> H i , (5(5, u(s)), e ; -) H i ) P ■ e, ® ejds, 



=51 



where «; • » H i denotes the square variation of M R in H 1 . Moreover, by Burkholder's inequality 
we have, for any T > 

E p * sup ||M S -'U u) - M R - m (t, u)\\ 2 m[ UcV E p " 11(5(5, u(s)), e y ) H , |£ c 

Vs[0,r] / Wo 

as n, m — » 00. Hence, the series in (16.11) converges in C([0, T];B}), P#-a.s., and M R (f, u) 
M(? A t r , u) is an H 1 -valued continuous square integrable martingale with 



« M R » Hl (t, u) = ^][M e ,, M e/ ](? A r s , u) • e, ® e y 

= V I ((5(5, u(s)), e 7 ) H i , (B(s, u(s)), e ; ) H i )/2 • e, ® ejds. 
rd Jo 



Letting 7? — » 00 we obtain the desired property of M(t, u). 
In particular, the following equality holds in H° 

u(0 = u(0)+ f A(u(^))d^+ f f(s, u(s))ds + M(t, u), P#-a.s.. 
Jo Jo 

By Ito's formula (cf. fl30l [26J), we obtain that P & (C([0, 00), H 1 )) = 1. The existence of weak 
solutions now follows from the representation theorem for martingales (cf. 11231 Lemma 3.2] or 
E Theorem 8.2]). 

6.2. Two Basic Estimates. In this subsection, we prove two basic estimates used in Section 5. 

Lemma 6.1. Let {<p e (-, r ), e e (0, 1), r > 0} be a family of positive real functions on R+ with 
<p e (0, r ) = r . Suppose that for some p > 1, Co, C\, C2 > 0, C3 > and any e e (0, 1) and t > 

y>' e (f, r ) < -C (p £ (t, r ) + C16 • ^ e (f, r y + C 2 6 + C 3 . 

77zen: ( /J For any T > anJ i? > 0, exists 60 > such that 

sup <^ e (f, r ) <2R + 2C 3 /C . 

f£[0,7-],ee[0,e o ],r o e[0,R] 
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(ii) 7/"C 3 =0, then for any 5 > andR, h > 0, there exist T > an J e > such that 

sup <p e (f, r ) < 5. 

fs[r,T+ft],ee[0,eo],''oe[0,«] 

Proo/ Let q := (C 2 6 + C 3 )/C and set 

</>(0:=e c< % e (?,r )-q). 
Then for fixed T > and any ? e [0, T] 

<P\t) < C ie Co? e • <p e (t, r Y <de- (0(0 + C\ ■ e CoT ) p . 
Solving this differential inequality gives that 

<f>(T) < [(0(0) + q • e c ° r ) 1 - p + Ci(i - - q • e c ° r . 

Hence, 

^(7, r ) < e- Cor [(r + q • (e c ° r - l)) 1 "' + d(l - /?)erp 

< [(e~ CoT R + Clf- p + d(l - p)eTe (p - 1)CoT Y rp . 
Now the assertions easily follow by suitable choices of e and T. □ 

We now prove the following exponential estimate. 
Lemma 6.2. Let X t be a positive ltd process of the form 

X t = x + f M s dW s + f N s ds, (6.2) 
Jo Jo 

where s \-> M S ,N S are two measurable adapted processes. Suppose that there exist a positive 
process Y s and some a > 1 and C , C\, C%, C 3 > such that for any s > 

N S <-C X^-Y S + C U \M S \ 2 <C 2 X S + C 3 . (6.3) 

Then for any t, r] > 

W x ' < C afl ■ exp{e~ Cot/2 nx } (6.4) 

and 

Eexp j/7 J o (y X " + Y ^ ds ) < ex P^° + C «^- ( 6 - 5 ) 

Proof. Let us first prove that for any t, rj > 

Eei x ' < +oo. (6.6) 

Set for R > 

t r := inf{? > : > R}. 
By Ito's formula, (16.31) and Young's inequality, we have 

n 2 

de^' = Tje^'MtdWt + r/e' ,x 'N t dt + -^e nX '\M t \ 2 dt 

< rje^'MtdWt + j]e vX, (-CoX? + d + \{C 2 X t + C 3 ))dt 

< T]e llX, M t dW t + r]e" x '(-Y X t r + C^dt 

< rje^MAWt + 77e" x '(-yX ; + C a , v )dt. 
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Set 

f R (t):=Ee^. 

Then 

f R (t) < C a J R (t). 

Hence 

By Fatou's lemma, we obtain (16.61) . 
We now set 

f(t):=Ee« x >. 

Then by Jensen's inequality, we obtain 

A0<-y/(0iog/(0 + Q,/(0- 

Solving this differential equality gives the first estimate (I6.4I ). 
On the other hand, for any t,rj > 0, we have by (16.21) and (16.31) 

>7 f (^? + y,)d5<77*o+77 f M s dW s + f {-^X a s + di])ds. 
Jo 1 Jo Jo 2 

Noting that by (l63l) and (1641) 

Eexpjy |M,.| 2 dsj < -j- JT Eexp{/'77 2 |M,| 2 /2}d5 < +oo, 
we know by Novikov's criterion that 

t h-> exp j/7 JT M,dW s . - ^ JT |M/dsj =: £(M)(f) 
is an exponential martingale. Moreover, by (16.31) and Young's inequality 

Therefore, 

Eexp L (yX? + F,)djJ < e" Yo E(fi(M)(0 • expfC^?}) = e" Y ° • expIC^?}. 

The proof is thus complete. □ 

6.3. Proof of the Derivative Flow Equation. In this subsection, we prove (15.31) . Note that 
(15.51) can be proved similarly. 

Lemma 6.3. For any T > 0, there exists a constant C N j > such that for each co and u e H 1 
sup HuO,^!! 2 , + I ||u(f,w)||^ < C NJ (l + HuollJ, + sup \\w(t,co)\\^\ 

te[0,T] Jo te[0,T] 

Proof. Following the proof of Lemma [5771 let us give different estimates for i = 1, 2, 3, 4. 
For Ji , by (15.181) we have 

Ji < -2|[Vv(OIIho + 2||Aw(OIImo • l|v(OII H o. 
For J 2 , by the Sobolev inequality (12.11 ) and Young's inequality we have 

h = -2<w(0, ((v(t) + w(0) • V)(v(0 + w(0)>ho 
= 2<Vw(0, (v(0 + w(0) (8) (v(0 + w(0)>ho 
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<2||Vw(f)llL~Hv(f) + w(0IL 
<C\\Vw(t)\\ L ~\\v(t) + w(t)\\ 2 L4 
<\W(t) + w(tX 4 + C\\Vw(t)\\l« 



For 7 3 , we have 



J 3 < -2\\y(t) + w(0l£ 4 + A^||v(r) + w(0H 2 
For 7 4 , by (12.11) and Young's inequality we have 

/ 3 <2||w(0llz-||v(?) + w(*)|£ 3 
<2||w(0IIl~-IIv(0 + w(0I|J 4 



-||v(0 + w(0llt4 + C||w(f)lll-. 



Hence 



^IKOIIho < C N \\\(t)\\& + C(||w(0IIh2 + llw(f)lfe). 



-IIvWIIh. < - o + C*(l + ||w(0lfe 3 ) • (1 + IKOIIho), 



By Gron wall's inequality, we get 

sup ||v(0t < Q r (||vol£o + sup (||w(0IIh2 + llw(Olltf)). (6.7) 

fe[0,7"] te[0,T] 

Using the similar calculations as in the proof of Lemma [5771 one finds that 

jIKOIIJ, < -i| 

which together with (16.71) gives the desired estimate. □ 

For vo e H 1 , let us consider a small perturbation of the initial values given by u e (0) = Uo +evo. 
The corresponding solution of Eq. (15.21) is denoted by u e (t). 
Set 

v e (f) := (u e (0 - u(t))/e. 

Then v e (£) satisfies 

v#) = Av 6 (0 - ^[(u e (*) • V)v e (0] - ^[(v 6 (0 • V)u(0] 

- &[g N (\u £ (t)\ 2 )Ve(m ~ ^[(g N (\nM 2 ) - g N (\u(t)\ 2 ))/e ■ u(0], 

with initial value v e (0) = v . 
We have: 

Lemma 6.4. For any T > 0, ?/zere w a constant Cn,t > swc/z that for any 6 6 (0, 1) 

sup ||v £ (0IIhi + f \WM\iidt < Cr,jv. 

te[0,T] Jo 

Proof. As in the proof of Lemma |4~T1 we have 

^l|v e (*)l& < -||v e (f)l& +2||v e (0l&, + C||u e (f)|£ 6 • ||Vv e (0lli 3 

+ C||v e (0lli- • lli(0llff + C||v e (0ll' 6 • + llu(Olli) 

< -^l|v e (0llff + CQ\u £ (t)\\ 4 Ml + llu(0lltf + 1) • l|v e (f)||^, 
which together with Lemma [631 gives the desired estimate. □ 

35 



We are now in a position to prove (15.41) . Set 

j £ (t) := v e (f) - Jo,,\ , 

where STojVo satisfies (15.31) . 
By Taylor's formula, we have 

gN i\u e it)\ 2 ) - &v(|u(0l 2 ) = ^(|u(0l 2 )(|u e (0l 2 - |u(0l 2 ) + gM(\Mt)\ 2 - |u(OI 

= e 2 ■ ^(|u(0l 2 )|v e (0l 2 + 2g' N (\u(t)\ 2 )(v £ (t), u(0) R3 
+ ^(0)(MOI 2 -|u(OI 2 ) 2 /2, 

where 9 takes some value between |u(0l 2 and |u e (f)| 2 - 
Thus, it is not hard to see that j e (f) satisfies 



y £ (t) = Aj £ (t)-J]Ji(t), 



!=1 



where 



Ji(t) 
hit) 
hit) 
hit) 
hit) 
hit) 
hit) 
hit) 



= e-^[(v e (0-V)v e (0L 
= ^[(u(0-V)j 6 (0], 

= ^Meit) ■ V)u(f)], 

= &[ig N i\Mt)\ 2 ) - g N iW)\ 2 )) • v e (0], 

= & > [g N i\uit)\ 2 )-ut)i 

= 6-^[^(|u(0l 2 )|v e (0l 2 -u(0], 
= 2&[g' N (\u(t)\ 2 )(Ut)Mt)hi ■ u(0], 
= ^[g'^e)iM)\ 2 - |u(0l 2 ) 2 • u(t)/e]. 



By the chain rule and Young's inequality, we have 



^ILWOII 2 , < -llj e (0ll 2 2 + 2||j e (OII 2 o + C ^ ||7<0II 



2 

BP" 



i=\ 



Here and below, the constant C is independent of e. 
For 7i(0, we have 

whmlf, < C6 2 • nv^oii 2 , • iiv e (ot. 

For 7 2 0X we have 

ii7 2 a)iiHO<ciiu(oii 2 2 -iij £ a)iiH 1 . 

For 73(0, we have 

H7 3 (oiIho < iiu(oiIh> • iij e (oiii» < cnuwii 2 , • \\m\y • \\m\y < 



< C||u(0IIh. • IIj.WIIh, + 4llj,(0ll 2 2 . 



For J4.it), we have 



H7 4 (OII 2 o < Ce 2 • ||v e (*)|£ 6 • iWuMll* + \Ht)\\ 2 L6 ) 

< Ce 2 • Hv^OIIh. • (IMOIIh. + IIu(0IIhi)- 



For J sit), we have 



l|7 5 (0l& < C\\a(t)\\ 4 L6 ■ \Mt)\f L6 < C||u(0IIh. • IIj^OUhl 
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For J 6 (t), we have 

||/ 6 (0lleo<Ce 2 -||v e (0llHi-l|u(0llHi- 

For Ji{t), we have 

\\Ji{t)C<c-\ut)\\l,-\m)\\^- 

For J%(t), we have 

WMtKo < Ce 2 ■ \\\y £ (t)\ 2 ■ (Iu e (0l 2 + |u(OI 2 )ll^o 
<Ce 2 -\\y £ (t)\\ 4 L 4 -(IMOlt + l|u(0lt) 
< Ce 2 ■ HVeCOIlJ, •(l|u e (0l£ ] + l|u(0lt,). 
Combining the above calculations and Lemmas [6.31 and l6~4l yields that 

^ILWOIfe < C6 2 (i + HveCOII^) + C(i + iiuwil^) • lum^- 

By Gronwall's inequality, we get 

\Mt)\\ 2 n i < Ce 2 |l + ^ ||v e (s)|| 2 2 dsj • exp |c + C ^ ||u(s)|] 2 2 ds }> , 
which together with Lemmas [6.31 and |6~4l clearly gives (15.41) . 
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